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ABSTRACT
The number of ghost states at each energy level in a non-unitary con-
formal field theory is encoded in the signature characters of the relevant
Virasoro algebra highest weight representations. We give expressions for
these signature characters. These results complete Friedan-Qiu-Shenker’s
analysis of the Virasoro algebra’s highest weight representations.
∗Permanent address
By definition, the canonical bilinear form on the state space of a non-unitary
conformal field theory has indefinite signature. This splits the space into subspaces
on which the form is positive and negative definite. Since the state spaces are built
from Virasoro algebra highest weight representations, this decomposition can be
described in terms of the generating functions which encode the signatures of the
inner product matrices on these representations. Here we give expressions for
these generating functions for all the physically relevant (that is, highest weight)
representations of the Virasoro algebra.
The only useful results in this direction were obtained by Friedan, Qiu and
Shenker (FQS) [1], who analysed the dependence of a representation’s inner product
on the representation’s location amongst the vanishing curves defined by the Kac
determinant formula [3,4]. For almost all representations for which the central
charge c is less than one, FQS gave a level at which the inner product matrix is
not positive definite. Using evidence from statistical physics and elsewhere, FQS
conjectured that the remaining representations, which fall into a discrete series,
are unitary. Goddard, Kent and Olive (GKO)[2] proved that these representations
are indeed unitary. Our results generalise those of FQS and GKO.
Recall that the Virasoro algebra has commutation relations
[Lm, Ln] = (m− n)Lm+n +
m3−m
12
δm,−nC ,
[Lm, C] = 0 .
(1)
The highest weight representation W (h, c) (where h and c are numbers, which we
take to be real) is the irreducible representation which contains a vector |h〉 such
that
Lm|h〉 = 0 if m > 0 ,
L0|h〉 = h|h〉 ,
C|h〉 = c|h〉 ,
(2)
and which is spanned by states L−i1 . . . L−ir |h〉 with the ij > 0. We have the
decomposition
W (h, c) =
⊕
n=0,1,2...
(W (h, c))n , (3)
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where W (h, c)n is the eigenspace of L0 with eigenvalue (h + n). The canonical
bilinear form on W (h, c) is defined by taking 〈h, h〉 = 1, setting (Ln)
† = L−n and
C† = C. We write Mn(h, c) for the real symmetric matrix defining (in some choice
of basis) the inner product restricted to W (h, c)n.
Now the normalised signature character of W (h, c) is defined as
σ(h, c) =
∑
n=0,1,2...
sig(Mn(h, c))t
n , (4)
where sig(M) denotes the signature of the matrixM ; that is, ifM = SDST , where
S is non-singular and D = diag(+1, . . . ,+1, 0, . . . , 0,−1, . . . ,−1), then sig(M) =
tr(D).
We recall also the Kac determinant formula,[3,4] which states that
det(Mn(h, c)) =
∏
pq≤n
(h− hp,q(c))
P (n−pq) , (5)
where if
c = c(m) ≡ 1−
6
m(m+ 1)
(6)
then
hp,q(c) =
((m+ 1)p−mq)2 − 1
4m(m+ 1)
(7)
and where
∞∏
n=1
(1− tn)−1 =
∞∑
n=0
P (n)tn . (8)
Denote the vanishing curve h = hp,q(c) by cp,q; call pq the level of cp,q. The Kac
formula (5) implies that if R is a connected region of the (h, c) plane, containing
no vanishing curves of level ≤ N , then σ(h, c) is constant to order tN on R; in
particular, if R contains no vanishing curves, σ is constant on R.
Our first result is a difference equation for the signature characters. We
parametrize the regions c < 1 and c > 25 by m > 0 and −1
2
< m < 0 respec-
tively. For any irrational m > −1
2
, we find that
limδ→0+((σ(hp,q(m) + δ, c(m))− (σ(hp,q(m)− δ, c(m))) =
2ǫ(m, p, q)tpqσ(hp,q(m) + pq, c(m)) ,
(9)
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where
ǫ(m, p, q) =


(−1)⌊
p
m ⌋+1 if m > 0 and (m+ 1)p−mq < 0 ,
(−1)⌊
q
m+1 ⌋ if m > 0 and (m+ 1)p−mq > 0 ,
(−1)⌊
−p
m ⌋+1 if − 1
2
< m < 0 and (m+ 1)p+mq < 0 ,
(−1)⌊
q
m+1 ⌋+1 if − 1
2
< m < 0 and (m+ 1)p+mq > 0 .
(10)
For 1 < c < 25, the only vanishing curves in the real (h, c) plane are the lines
h = hp,p(c), and we find that
lim
δ→0+
((σ(hp,p(c) + δ, c)− (σ(hp,p(c)− δ, c)) =
2(−1)p+1tp
2
σ(hp,p(c) + p
2, c) .
(11)
The matrices Mn(h, c) become asymptotically diagonal as h→ ±∞, and it is
easy to show that
lim
h→∞
σ(h, c) =
∞∏
n=1
(1− tn)−1 , (12)
for any c. Here, and elsewhere, the limit of a formal power series is taken term by
term: that is,
lim
h→∞
σ(h, c) ≡
∑
n=0,1,2,...
lim
h→∞
sig(Mn(h, c))t
n . (13)
If (h, c(m)) lies on no vanishing curves and m is irrational or non-real, then
σ(h, c(m)) is determined by the difference equation (9) and the boundary condition
(12). We find the remaining signature characters as follows. If m is rational and
(h, c(m)) lies on no vanishing curve, then we take a sequence (mi)
∞
i=1, converging to
m, such that the mi are irrational and the points (h, c(mi)) all lie on no vanishing
curve. Then
σ(h, c(m)) = lim
i→∞
σ(h, c(mi)) . (14)
If (h, c(m)) lies on precisely one vanishing curve, then
σ(h, c) = lim
δ→0+
1
2
(σ(h+ δ, c) + σ(h− δ, c)) . (15)
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Finally, if (h, c(m)) lies at an intersection of vanishing curves, let (p, q) be
positive integers such that h = hp,q(c(m)) and such that if h = hp′,q′(c(m)) with
(p′, q′) positive integers then pq ≤ p′q′. Take sequences (m+i )
∞
i=1, converging to
m from above, and (m−i )
∞
i=1, converging to m from below, such that the m
±
i are
irrational. Then
σ(hp,q(m), c(m)) =
1
2
( lim
i→∞
σ(hp,q(m
+
i ), c(m
+
i )) + lim
i→∞
σ(hp,q(m
−
i ), c(m
−
i ))) . (16)
These results imply simple limiting expressions for the signature characters.
For example, if u 6= n
2−1
24
for any positive integer n, then we find
lim
c→±∞
σ(−uc, c) =
∏
{n:u<n
2−1
24 }
(1∓ tn)−1
∏
{n:u>n
2−1
24 }
(1± tn)−1 . (17)
(These equations can also be obtained directly, since the matrices Mn(−uc, c) are
diagonalised in the relevant limits.) We also find that, if m is a positive integer,
lim
c→1−
σ(
m2
4
, c) = (1 + 2
∞∑
r=1
(−1)rtr(m+r))
∞∏
n=1
(1− tn)−1 . (18)
The signature characters in the region c ≥ 1 are also relatively simple. If
h > 0, then W (h, c) is unitary and σ(h, c) =
∏∞
n=1(1 − t
n)−1. If h ≤ 0, the
signature character takes the form p(t)
∏∞
n=1(1− t
n)−1, where p(t) is a polynomial.
For example, if 1 < c < 25 and ((p − 1)2 − 1)(1 − c) > 24h > (p2 − 1)(1 − c) for
some positive integer p, then
σ(h, c) = (1 + 2
p−1∑
r=1
(−1)rtr
2
)
∞∏
n=1
(1− tn)−1 . (19)
In the region (c < 1, h > c−1
24
), the solutions to the difference equation (9) are
more complicated. The most interesting (and physically relevant) representations
are those corresponding to rationalm. If r and s are coprime integers,m = r/s > 0,
we set h(a,m) = (a2 − s2)/4r(r + s). We write
ǫ±(m, p, q) = lim
δ→0±
ǫ(m+ δ, p, q) . (20)
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Then we find that, if h(a− 1, m) < h < h(a,m),
σ(h, c(m)) =
∞∏
n=1
(1− tn)−1
(1 +
∑
(p1,q1),...,(pr,qr)
(−2)r
∏r
i=1 ǫ
+(m, pi, qi)t
piqi) ,
(21)
where the sum is over all finite sequences of pairs of positive integers such that
1. |(r + s)p1 − rq1| ≥ a,
2. for i ≥ 1, |(r + s)pi+1 − rqi+1| > (r + s)pi + rqi or
(r + s)pi+1 − rqi+1 = −((r + s)pi + rqi).
Finally, we find
σ(h(a,m), c(m)) = 1
4
∞∏
n=1
(1− tn)−1
(4 + 2
∑
{(p1,q1),...,(pr,qr)}∈I1
(−2)r
r∏
i=1
ǫ+(m, pi, qi)t
piqi
−tpq
∑
{(p1,q1),...,(pr,qr)}∈I2
(−2)r
r∏
i=1
ǫ+(m, pi, qi)t
piqi
+2
∑
{(p1,q1),...,(pr ,qr)}∈I3
(−2)r
r∏
i=1
ǫ−(m, pi, qi)t
piqi
+tpq
∑
{(p1,q1),...,(pr ,qr)}∈I4
(−2)r
r∏
i=1
ǫ−(m, pi, qi)t
piqi) .
(22)
Here p and q are positive integers with (r + s)p − rq = −a, and the product pq
is minimized subject to these conditions. The sums are over finite sequences of
pairs of positive integers, subject to the following conditions. The set I1 consists
of sequences such that
1. |(r + s)p1 − rq1| > a or
(r + s)p1 − rq1 = −a,
2. |(r + s)pi+1 − rqi+1| > (r + s)pi + rqi or
(r + s)pi+1 − rqi+1 = −((r + s)pi + rqi);
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I2 consists of sequences such that
1. |(r + s)p1 − rq1| > (r + s)p+ rq or
(r + s)p1 − rq1 = −((r + s)p+ rq),
2. |(r + s)pi+1 − rqi+1| > (r + s)pi + rqi or
(r + s)pi+1 − rqi+1 = −((r + s)pi + rqi);
I3 consists of sequences such that
1. |(r + s)p1 − rq1| > a or
(r + s)p1 − rq1 = a,
2. |(r + s)pi+1 − rqi+1| > (r + s)pi + rqi or
(r + s)pi+1 − rqi+1 = ((r + s)pi + rqi);
I4 consists of sequences such that
1. |(r + s)p1 − rq1| > (r + s)p+ rq or
(r + s)p1 − rq1 = (r + s)p+ rq,
2. |(r + s)pi+1 − rqi+1| > (r + s)pi + rqi or
(r + s)pi+1 − rqi+1 = ((r + s)pi + rqi).
Note that, when W (h, c) is unitary,
σ(h, c) =
∞∑
n=0
rank(Mn) t
n = t−hχ(h, c) , (23)
where χ(h, c) is the (standard) character of W (h, c). Thus equations (22,23), ap-
plied to the discrete series of unitary representations, imply a set of rather compli-
cated partition identities.
In closing, we note that, although no definite application has yet been found,
it has often been speculated that the Virasoro signature characters should play a
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roˆle in the physics, or the classification, of non-unitary conformal field theories.[5]
It should be possible to test this hypothesis, once the modular properties of ex-
pressions (21) and (22) are understood.
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